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Empirical potential-based quasi-continuum theory (EQT) provides a route to incorporate atomistic
detail into continuum framework such as the Nernst-Planck equation. EQT can also be used to
construct a grand potential functional for classical density functional theory (cDFT). The combination
of EQT and cDFT provides a simple and fast approach to predict the inhomogeneous density, potential
profiles, and thermodynamic properties of confined fluids. We extend the EQT-cDFT approach
to confined fluid mixtures and demonstrate it by simulating a mixture of methane and hydrogen
inside slit-like channels of graphene. We show that the EQT-cDFT predictions for the structure
of the confined fluid mixture compare well with the molecular dynamics simulation results. In
addition, our results show that graphene slit nanopores exhibit a selective adsorption of methane
over hydrogen. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4930924]

I. INTRODUCTION

Fluids and their mixtures in confined geometries ranging
from nano- to micro-sized dimensions behave quite different
than those in bulk.1,2 These are interesting systems to study
because of their appealing applications, such as adsorp-
tion, wetting, lubrication,3 drug delivery,4 separations, and
geophysical applications.5 A key characteristic of confined
fluids is the inhomogeneity, imposed by the wall-fluid
interactions and confinement. The layering of fluid molecules
near a wall has profound effects on the properties of confined
fluids. For instance, the velocity profile of a nanoconfined
fluid between two surfaces is strongly influenced by the
density oscillations.6,7 Hence, an accurate and thorough
understanding of this inhomogeneous behavior is central for
many applications in the field of nanotechnology.

Over the past few decades, atomistic descriptions such as
molecular dynamics (MD) and Monte Carlo (MC) simulations
have been widely used to study fluids and their mixtures in
nanoconfinement.5,8 However, it is computationally expensive
to do full molecular simulations for systems involving multiple
length and time scales ranging from the quantum to atomic
to continuum scales. On the other hand, it has been shown
that to study fluid-fluid or fluid-solid interfaces, classical
continuum descriptions fail to accurately capture atomistic
details.9,10 Thus, there is a need for a multiscale approach that
is not only as fast as classical continuum methods but also
as accurate as atomistic simulations. In addition, the method
should be computationally simple, especially when dealing
with multicomponent fluids.

An empirical potential-based quasi-continuum theory
(EQT) is a multiscale approach that provides a framework to
seamlessly integrate atomistic details into a continuum-based
model. Over the past few years, EQT has been developed
and studied to predict structure of single component Lennard-
Jones (LJ) fluids,11,12 carbon dioxide,13 and water14,15 in nano

a)Electronic mail: aluru@illinois.edu

slit-like channels. In these studies, for a slit-channel system,
with z as the normal direction to the walls, the 1-D steady-state
Nernst-Planck (NP) equation,

d
dz

(
dρ
dz
+

ρ

RT
dU
dz

)
= 0, (1)

with boundary conditions

ρ (0) = ρ (L) = 0, (2a)

1
L

 L

0
ρ (z) dz = ρavg, (2b)

is solved self-consistently to obtain the density and potential
distribution of a confined fluid. In Eqs. (1) and (2), ρ is the fluid
density, U is the total potential, T is the fluid temperature, R is
the ideal gas constant, L is the channel width, and ρavg is the
average density of the confined fluid. The main idea of EQT
is to incorporate atomistic details into U by using empirical
pair potentials, continuum representation of the wall and fluid
atoms, and an approximation for the pair correlations in the
fluid medium.

EQT potentials can also be used to construct the excess
free energy functional (Fex [ρ (r)]) required in the classical
density functional theory (cDFT). In cDFT, the key variable
is the single particle density, ρ (r). It is based on the theorem
that the free energy of an inhomogeneous fluid is a unique
functional of ρ (r), independent of any external potential.16–18

The main effort is thus to find an approximate functional
for Helmholtz free energy based on density distributions.
Many applications of cDFT are based on the mean-field
theory (MFT),19–22 in which the structural correlations in
the excess free energy are neglected. However, there are
both quantitative and even qualitative discrepancies reported
between MFT and molecular simulation results.23,24 There are
also methods based on the modified MFT,25 weighted-density
approximation (WDA),26–28 and perturbative methods,24,29–31

where the excess free energy functional is Taylor expanded
around a homogeneous reference system, and an approach
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based on the coarse-grained lattice gas model,32 which has
recently been used to study the adsorption and desorption of
argon molecules inside a nanopore.

In recent work, we developed an EQT-based expression
for the excess Helmholtz free energy functional in cDFT
for confined single component Lennard-Jones fluids.33 We
demonstrated that the combination of EQT and cDFT (EQT-
cDFT) provides a simple and fast approach that not only
predicts the equilibrium structure but also other thermody-
namic properties, such as the local pressure profile, adsorption,
solvation force, and surface tension.

In this study, we extend the EQT-cDFT approach for
confined fluid mixtures and employ it to obtain equilibrium
density distributions of the methane and hydrogen mixtures
in slit-like graphene channels of various widths. Unlike
the Nernst-Planck approach (Eq. (1)), EQT-cDFT approach
eliminates the requirement for a priori knowledge of the
average density, ρavg, for each channel. Instead, ρavg can
be obtained as an output of this method for various channel
widths.

The remainder of the paper is organized as follows. In
Sec. II, a general formalism of the EQT-cDFT approach is
described. In Sec. III, essential details on MD simulations are
provided. In Sec. IV, theoretical predictions by EQT-cDFT are
compared to molecular dynamics simulations of a supercritical
binary mixture of methane and hydrogen molecules inside a
slit-like graphene channel. Finally, conclusions are provided
in Sec. V.

II. THEORY

In this work, we consider a multicomponent mixture of
fluids confined inside a slit-like channel. For such a system,
the total potential of a fluid component α, Uα (r), at a given
location r can be computed as a sum of wall-fluid and fluid-
fluid interactions,

Uα (r) = Uwf
α (r) +Uffα(r), (3)

where α = 1,2, . . . ,m is the label of a fluid component, m is
the number of fluid components in the mixture, Uwf

α and Uffα
are the wall-fluid and fluid-fluid potentials of component α,
respectively.

In the continuum approximation, the wall structure is
locally represented by a single density distribution, ρw(r).
Therefore, the wall-fluid potential can be written as

Uwf
α (r) =


ρw (r′) uwf

α (|r − r′|)dr′, (4)

where uwf
α is the wall-fluid pair potential for component α.

In contrast with the wall-fluid potential, the fluid-fluid
interactions are not trivial and require special considerations
due to fluid-fluid correlations. For a mixture of fluids, the
fluid-fluid potential energy can be expressed in terms of the
two-body correlation, g(2)(r,r′), and the pair potential between
different components as

Uffα (r) =
m
β=1


ρβ (r′) g(2)αβ (r,r′) uffαβ (|r − r′|) dr′, (5)

where uffαβ is the fluid-fluid pair potential between components
α and β. There exist several approximations for the two-
body correlation. Among them, MFT has been widely
used, especially in the cDFT literature to treat long-range
attractions in the excess part of the intrinsic Helmholtz free
energy.19–22 Although MFT is computationally convenient and
easy to grasp, it can be quantitatively problematic and even
sometimes qualitatively incorrect.23,24,30 In addition, since the
pair potential in Eq. (5) is highly repulsive as r → 0, the
mean field approximation will cause numerical singularities.
To avoid this problem and to introduce a better approximation
for the pair correlation, we follow an approach similar to
the work of Tang and Wu.30 We approximate the two-body
correlation by

g(2)(r,r′) ≈ ghs (|r − r′|) , (6)

where ghs is the radial distribution function (RDF) of
homogeneous hard spheres at bulk density, ρb. To fully
determine the hard sphere radial distribution function, we need
to know the packing fraction η = πρbd3/6, where d is the hard
sphere diameter. The hard sphere diameter for each component
is calculated based on the relation proposed by Barker and
Henderson,34

d (T) =
 σ

0

(
1 − exp


−uff (r)

kBT

)
dr, (7)

where σ is the length-scale parameter for LJ interaction and
kB is the Boltzmann constant. The RDFs are obtained using
existing analytical expressions for additive hard sphere mix-
tures based on Percus-Yevick approximation.35,36 A complete
review on different closures and approximations can be found
elsewhere.37

To account for errors due to the hard sphere RDF approx-
imation, we introduce an isotropic correlation-correction
potential denoted by uffccp. In EQT, the correlation-correction
function is modeled using uniform cubic B-splines,

uffccp (r) =

1 t t2 t3

 1
6



1 4 1 0
−3 0 3 0

3 −6 3 0
−1 3 −3 1





cj

cj+1

cj+2

cj+3



, (8)

where r is the separation distance between any two fluid
molecules with the cut-off radius denoted by Rcut. The
separation distance is discretized into n − 1 intervals of
equal size ∆r = Rcut/(n − 1) such that ri = i × ∆r , where i
∈ (0, . . . ,n − 1). In Eq. (8), the n + 2 values {cj} are called
spline knots where index j is determined such that r j ≤ r
≤ r j+1, and t is given by

t =
r − r j

∆r
. (9)

Therefore, using Eqs. (6) and (8), Eq. (5) can be simplified to

Uffα (r) =
m
β=1


ρβ (r′)

(
uffαβ (|r − r′|) ghs

αβ (|r − r′|)

+ uffccp, αβ (|r − r′|)) dr′. (10)
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As mentioned in Sec. I, EQT potentials can be employed
in cDFT, i.e., in EQT-cDFT approach. cDFT is a theoretical
tool to determine the properties of inhomogeneous fluids in
equilibrium.17,18 For an open system that is in equilibrium
with a bulk phase, the relevant thermodynamic potential is the
grand potentialΩ. In cDFT, for a multicomponent fluid system
in the presence of an external potential V ext

α , Ω is written as

Ω [{ρα (r)}] = F id [{ρα (r)}] + Fex [{ρα (r)}]

+

m
α=1

 �
V ext
α (r) − µα

�
ρα (r) dr, (11)

where µα is the chemical potential of the αth component.
Here, F id is the ideal part (ideal non-interacting system) of
the intrinsic Helmholtz free energy for which the analytical
expression is given by

F id [{ρα (r)}] = kBT
m

α=1


ρα (r) �ln �ρα (r) Λ3

α

�
− 1

�
dr,

(12)

where Λα represents de Broglie wavelength of component α.
The challenging term in Eq. (11) is the excess free energy,
Fex, due to the fluid-fluid interaction. In the general case,
the exact expression for this term is still unknown16 and
there exist approximations based on the fundamental-measure
theory (FMT),30,38–40 modified FMT (MFMT),41–43 first-order
mean-spherical approximation (FMSA),44 accurate empirical
equation of state,27 and statistical associating fluid theory
(SAFT).45–48

According to the variational principle,

δΩ [{ρα (r)}]
δρα

�����eq
= 0, (13)

and therefore, the equilibrium density distribution satisfies

ρα (r) = ρα,b exp
(
− 1

kBT


V ext
α (r)

+
δFex [{ρα (r)}]

δρα (r) − µex
α

)
, (14)

where the bulk chemical potential µα has been decomposed
into ideal (µid

α) and excess (µex
α ) parts, and the ideal part can

be related to the density of the bulk phase for each component
(ρα,b). Using the expression for the fluid-fluid potential given
in Eq. (10), we can construct the EQT excess free energy of
the confined mixture as

Fex,EQT [{ρα (r)}] = 1
2

m
α=1


ρα(r)Uffα(r)dr. (15)

In the bulk phase, the potential energy per particle for each
component, Uff

α,b
, can be written as follows:

Uffα,b = 4π
m
β=1

ρβ,b


r2

(
uffαβ (|r − r′|) ghs

αβ (|r − r′|)

+ uffccp, αβ (|r − r′|)) dr. (16)

Similar to Eq. (15), we can construct the bulk excess free
energy by using Eq. (16),

Fex,EQT
b

�{ρα,b}� = 1
2

m
α=1


ρα,bUffα,bdr =

V
2

m
α=1

ρα,bUffα,b,

(17)

where V is the volume of the mixture in the bulk phase.
Since the system is in equilibrium with the corresponding

bulk mixture, the excess chemical potential in Eq. (14) is
equal to the bulk excess chemical potential. The bulk excess
chemical potential of each fluid component is defined as

µex
α,b =

∂Fex
b

∂Nα,b

�����T
, (18)

where Nα,b is the number of molecules of component α in the
bulk phase. Using Eqs. (17) and (18), it is easy to show that
µex
α,b
= Uff

α,b
and by substituting V ext

α (r) = Uwf
α (r), Eq. (14) can

be re-written in terms of EQT formulation,

ρα (r) = ρα,b exp
(
−β


Uwf
α (r) +Uffα (r) −Uffα,b

 )
. (19)

Using Eq. (19), density distribution for each species
can be obtained using a numerical procedure such as Picard
iteration with the bulk densities as initial guesses.

III. SIMULATION DETAILS

To demonstrate the applicability of the EQT-cDFT
approach for confined fluid mixtures, we simulate a confined
mixture of hydrogen and methane in graphitic slit pores of
various widths in equilibrium with a bulk reservoir. Here,
we consider two bulk mixture compositions: methane-rich
(xm = 0.7) and hydrogen-rich bulk mixtures (xm = 0.3) with a
total bulk density of 17.73 atoms/nm3. Methane and hydrogen
molecules are modeled as single-site LJ spherical particles.
Thus, the standard 12-6 LJ potential is used for both wall-
fluid and fluid-fluid interactions with interaction parameters
given in Table I.49 The Lorentz-Berthelot combination rules
are applied for all unlike interactions.

Slit pores consist of two graphene layers separated in
the z-direction. The lateral dimensions of the layers in the
x-y plane are 3.834 × 3.689 nm2 and separation distance, H ,
between the two sheets is varied from 0.762 nm (= 2σ22,
where σ22 is the length-scale parameter for LJ interaction
between methane molecules) to 6.34 nm. Wall atoms are kept
fixed throughout the simulation. The spherical cutoff used
for Lennard-Jones interactions is 1.6 nm. Periodic boundary
conditions are applied in all the directions with an extra
vacuum of 6 nm in the z-direction (perpendicular to the

TABLE I. LJ potential parameters for wall atom (C), hydrogen (H2), and
methane (CH4) molecules.

Interaction sites σ (nm) ϵ (kJ/mol)
C–C 0.340 0.2328
H2–H2 0.2915 0.3159
CH4–CH4 0.381 1.2314
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FIG. 1. Correlation-correction poten-
tials for xm = 0.3 (a) and xm = 0.7
(b) bulk compositions. Solid lines rep-
resent same component interactions:
CH4–CH4 (black) and H2–H2 (red);
dashed lines stand for cross interac-
tions: CH4–H2 (black) and H2–CH4
(red).

graphene layers). MD simulations for confined methane-
hydrogen mixture are performed in GROMACS.50 To maintain
the temperature at 300 K, Nosé–Hoover thermostat is used
with a time constant of 0.2 ps. All systems are equilibrated
for 5 ns in the NVT (canonical) ensemble. Following the
equilibration, production run for 15 ns is performed with 1 fs
time step. As mentioned in Sec. I, the average concentration
in the channels can be predicted by the EQT-cDFT approach.
To examine this in MD simulations, linear superposition

approximation (LSA)51 method is adopted to estimate the
number of molecules inside the channels of width larger than
1.524 nm (= 4σ22). It has been shown that LSA results are in
constant chemical potential except at very small separations
(about two molecular diameters).52 Hence, for pores smaller
than 4σ22, the EQT-cDFT results are verified by NVT
simulation of slit channels in contact with bulk mixture.53 The
distance between walls, densities, and correlation-correction
potentials is made dimensionless based on hydrogen LJ

FIG. 2. Comparison of the density pro-
files of methane and hydrogen from
EQT-cDFT and MD simulations at T
= 300 K for various channel widths in
equilibrium with hydrogen rich bulk
mixture (xm = 0.3): (a) 0.762 nm, (b)
1.143 nm, (c) 1.524 nm, (d) 2.25 nm,
(e) 3.21 nm, and (f) 6.34 nm. In all in-
sets, circles are MD and lines are EQT-
cDFT simulation results in which red
and black colors denote hydrogen and
methane densities, respectively.
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FIG. 3. Comparison of the density pro-
files of methane and hydrogen from
EQT-cDFT and MD simulations at T
= 300 K for various channel widths
in equilibrium with methane rich bulk
mixture (xm = 0.7): (a) 0.762 nm, (b)
1.143 nm, (c) 1.524 nm, (d) 2.25 nm,
(e) 3.21 nm, and (f) 6.34 nm. In all in-
sets, circles are MD and lines are EQT-
cDFT simulation results in which red
and black colors denote hydrogen and
methane densities, respectively.

parameters (σ11, ϵ11) and represented by z∗ = z/σ11, ρ∗α
= ρασ

3
11, and

(
uffccp, αβ

)∗
= uffccp, αβ/ϵ11, respectively.

In the EQT-cDFT simulations, for fluid-fluid and wall-
fluid Lennard-Jones potentials, the same interaction param-
eters as in MD simulations are used. Modeling correlation-
correction potential using B-splines (Eq. (8)) gives flexibility
to the correction function and provides a numerically robust
way of obtaining accurate density profiles. The B-splines knot
values for the correlation-correction potentials are optimized
based on the potential of mean force (PMF) matching
technique,15 in which the mean-square error in density is
minimized such that it reproduces the target potential of mean
force within the specified tolerance. In PMF matching, for
a slit-like system, where the fluid inhomogeneity is in one
direction (z), optimization function for each fluid component
is defined as

ϵα =
1

2H

 H

0

(
ρα,b exp

�
−βŨα (z)� − ρ

tgt
α (z))2

dz, (20)

where ρ
tgt
α is the target density of component α, obtained from

the reference all-atom MD simulations and Ũα is defined as

Ũα (z) = Uwf
α (z) +Uffα (z) −Uffα,b. (21)

To obtain the optimal knot values in correction-correlation
function, Eq. (20) is minimized using the Newton-Raphson
optimization technique. Further details on PMF matching
technique and Newton-Raphson optimization procedure can
be found in Ref. 15.

There is no limitation to EQT in terms of system
complexity. It has been shown that EQT can also capture
density variation of polar molecules such as water in nanocon-
fined channels.15 In fact, EQT framework provides a tool
to use particle-based coarse-grained potentials for which the
electrostatic effects are already embedded.

IV. RESULTS AND DISCUSSION

First, we optimize methane-methane, methane-hydrogen,
hydrogen-hydrogen, and hydrogen-methane correlation-
correction potentials for each bulk mixture composition
considered in this work. For each bulk mixture composition,
PMF-matching-based optimization is performed using the
methane and hydrogen density profiles in 6.34 nm channel,
which are obtained from the reference MD simulations.
We choose 6.34 nm channel for optimization because it is
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large enough that the layered structure and bulk region are
well formed for both hydrogen and methane. Fig. 1 shows
the optimized

(
uffccp

)∗
for different fluid-fluid interactions.

Although, correlation-correction potentials are optimized for
a reference channel of 6.34 nm width, we find that they are
transferrable across different pores at the same thermodynamic
state.

Figs. 2 and 3 depict that the density profiles from
the quasi-continuum framework agree well with the MD
simulations. In all cases, except for the hydrogen density
profile in the smallest channel of methane bulk composition
of 0.3 (see Fig. 2(a)), the EQT-cDFT predictions are almost
as accurate as MD. Both methane and hydrogen molecules
arrange in layers and exhibit an oscillatory structural behavior
due to the interplay of wall-fluid and fluid-fluid interactions.
Well-formed layered structure and a plateau bulk region
are observed for both hydrogen and methane in 6.34 nm
channel, which is the largest channel considered in this study
(see Figs. 2(f) and 3(f)). Layering is enhanced as the bulk
composition increases from 0.3 to 0.7 (see Figs. 2(d)-2(f) and
3(d)-3(f)). This fact is more evident by comparing number of
distinct density layers for methane and hydrogen in slits of
width 3.21 nm. For a bulk composition of 0.3, the number of
distinct layers for methane and hydrogen is 6 (see Fig. 2(e)),
whereas for a bulk mixture of 0.7, methane and hydrogen
molecules are arranged in 8 layers (see Fig. 3(e)). Thus,
increasing methane mole fraction enhances the structural
order for both methane and hydrogen. Finally, by comparing
the magnitude of the first peak for methane and hydrogen
densities, it is evident that methane molecules are more
concentrated in the vicinity of the wall. We have also tested the
accuracy of the EQT-cDFT approach at lower temperatures of
200 K and 250 K. We found that the density profiles from EQT-
cDFT approach are in good agreement with MD simulations.

The essential new feature for mixtures is the change in
composition due to confinement. Depending on the width,
structure, and material, nanopore may become selective
towards a certain fluid component in the mixture. For a binary
system, the selectivity (S) is often expressed as5,22,54,55

S =
xα,p/(1 − xα,p)
xα,b/(1 − xα,b) , (22)

where xα,p and xα,b represent the mole fraction of fluid
component α in the pore and the coexisting bulk phase,
respectively. For a slit channel of width H , the average mole
fraction for a fluid component α inside the pore can be
calculated from the following equation:

xα,p =

 H

0 ρα (z) dz2
α=1

 H

0 ρα(z)dz
. (23)

Fig. 4 shows the selectivity of methane relative to hydrogen
at T = 300 K as a function of pore width, for channels in
equilibrium with the hydrogen-rich bulk reservoir (xm = 0.3).
It can be seen that the agreement between the MD and
EQT-cDFT results is good. In Fig. 4, S values greater than
unity represent that the channel is completely selective toward
methane. It can be seen that methane shows a higher adsorption
affinity than hydrogen, especially in the smaller pores. This

FIG. 4. Selectivity of methane over hydrogen as a function of channel width.

is due to the larger interaction energy between methane and
graphene than hydrogen. The same line of reasoning has also
been used in other literature56,57 in which they have shown
that the molar fraction of the component having the strongest
interaction with the channel is increased compared to the bulk.

V. CONCLUSION

EQT is a practical, fast, and easy approach to bridge the
gap between atomistic and continuum methods by construct-
ing potentials from atomistic interactions. These potentials
can be used in a continuum framework such as the Nernst-
Planck equation or to construct a grand potential functional
within the classical density functional theory framework
(EQT-cDFT). In the present study, we demonstrated the EQT-
cDFT method by predicting density distributions of methane
and hydrogen mixtures confined in graphitic nanopores of
various widths. We considered two extreme cases, where
channels are in equilibrium with methane-rich and hydrogen-
rich bulk mixtures. In both cases, theoretical results compare
well with the MD simulations. We also used EQT-cDFT
results to calculate adsorption selectivity of the mixture rich
in hydrogen. It is found that though the bulk composition
favors hydrogen, graphene slit channels exhibit selectivity
for methane molecule. This finding can be attributed to the
larger energy interaction of methane and graphene wall. EQT-
cDFT is a promising multiscale framework that can accurately
predict structure and other thermodynamic properties of
confined fluids.
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